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SUMMARY

Applications frequently involve logistic regression analysis with clustered data where there are few positive
outcomes in some of the independent variable categories. For example, an application is given here that
analyzes the association of asthma with various demographic variables and risk factors using data from the
third National Health and Nutrition Examination Survey, a weighted multi stage cluster sample. Although
there are 742 asthma cases in all (out of 18 395 individuals), for one of the categories of one of the
independent variables there are only 25 asthma cases (out of 695 individuals). Generalized Wald and score
hypothesis tests, which use appropriate cluster-level variance estimators, and a bootstrap hypothesis test
have been proposed for testing logistic regression coefficients with cluster samples. When there are few
positive outcomes, simulations presented in this paper show that these tests can sometimes have either
inflated or very conservative levels. A simulation-based method is proposed for testing logistic regression
coefficients with cluster samples when there are few positive outcomes. This testing methodology is shown
to compare favorably with the generalized Wald and score tests and the bootstrap hypothesis test in terms
of maintaining nominal levels. The proposed method is also useful when testing goodness-of-fit of logistic
regression models using deciles-of-risk tables. Published in 2007 by John Wiley & Sons, Ltd.

KEY WORDS: bootstrap; clustering; generalized Wald statistics; generalized score statistics; goodness
of fit; survey methods

1. INTRODUCTION

During 1980–1994, self-reported asthma increased in the U.S. by 75 per cent, resulting in about
13.5 million asthmatics [1]. Understanding the risk factors for asthma may be useful in controlling
future increases. Arif et al. [2] used logistic regression to examine the risk factors associated
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with asthma and wheezing for 18 825 U.S. adults aged �20 years sampled in the third National
Health and Nutrition Examination Survey (NHANES III). NHANES III is a complex multistage
survey involving the sampling of clusters at various stages and having sample weights that reflect
the differential rates of sampling of subjects [3]. Of the 18 825 adults sampled, there were only
742 (3 per cent) positive responses for the outcome of asthma. For some of the risk factors for
asthma, there were categories with small numbers of asthma cases, e.g. there were only 25 asthma
cases (out of 695 individuals, 3.6 per cent) in one of the defined race categories. In this setting of
testing logistic regression coefficients with few positive outcomes, hypothesis tests whose reference
distributions are based on asymptotic theory may not attain their nominal levels, and this problem
can be exacerbated by the clustering. In addition, for analyzing surveys like the NHANES III,
sample weighting needs to be taken into account in the testing methods.

With clustered data, the method of analysis depends on the inference of interest. In this pa-
per, we focus on marginal models where the population-average effect of the covariate on the
outcome is of interest and the cluster effects are considered to be nuisance terms that are not
explicitly modeled. Marginal models account for dependence due to clustering in estimators of
variances of regression coefficients. In particular, the classical Wald and score tests for independent
observations that are used for testing regression coefficients can be modified (generalized Wald
and score tests) to accommodate clustered data and also to accommodate sample weights that are
used in surveys.

In this paper, we consider the general problem of testing logistic regression coefficients. Graubard
et al. [4] proposed using a simulation-based goodness-of-fit test that only partially accounts for
the correlation in the data due to clustering. We propose a simulation-based method of testing
that more fully accounts for correlation in the data. In the proposed simulation-based method,
the approximate null-hypothesis distribution of the generalized-score test statistic is generated to
lessen the reliance on asymptotic approximations. To account for the correlation, we estimate an
intraclass correlation parameter from the original data set and use this estimate of correlation in
the generation of the distribution of the test statistic. The proposed method can account for sample
weights in the survey data.

The idea of simulating the distribution of a test statistic under a null hypothesis to avoid an
asymptotic approximation is well known and not new [5]. What is different in the proposed method
is the fact that the simulated data sets do not necessarily accurately mimic the structure of the
original data set; the dependence of the data due to the clustering could be quite complex and not
amenable to simple modeling. However, since the test statistics utilized do accommodate arbitrary
correlation due to clustering, we show via simulation that the statistical properties of the test
statistics are similar, regardless of whether the dependence is modeled completely accurately or
not. In particular, problems with asymptotic approximations and small numbers of positive events
are (partially) ameliorated. For large sample sizes and numbers of positive events, the test statistics
have approximate chi-squared distributions for both the observed data and the simulated data sets
[6], ensuring the asymptotic validity (type I error) of the proposed method.

In the next section, we give some details concerning the generalized test statistics, the proposed
method, as well as a bootstrap approach. In Section 3, we present some simulation results to show
that our approach works better than the standard approaches when the expected number of positive
outcomes is small. Section 4 presents the analysis of the asthma data from NHANES III, for which
we consider the effect of various demographic variables and risk factors on the binary outcome,
asthma. We utilize our methodology for testing the regression coefficients of these covariates
as well as for testing the goodness of fit of the model. We end with a discussion in Section 5
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of alternative approaches to the problem of logistic regression with a small number of positive
outcomes.

2. APPROACHES TO CALCULATING TEST STATISTICS AND p-VALUES

We begin by considering a general parametric setting. Consider a p-dimensional parameter vector
(�, �) where the q-dimensional � is the parameter of interest to be tested versus �0, and � is a
vector of nuisance parameters. Using (unclustered) likelihood theory, let L(�, �) be the likelihood,
(�̂, �̂) be the unconstrained maximum likelihood estimator, and (�0, �̂0) be the constrained max-
imum likelihood estimator. The classical Wald, score, and likelihood ratio tests for independent
observations are described in Kotz et al. [7], Tarone [8], and Strawderman [9], respectively. To ac-
commodate clustered data, the generalized Wald and score tests substitute cluster-level covariance
estimators (sometimes referred to as robust estimators or sandwich estimators) for the model-based
unclustered estimators used in the classical tests; for details, see Binder [10], Rotnitzky and Jewell
[11], Boos [12], and Rao et al. [6], and for the specific case of logistic regression, Horton et al.
[13]. Typically, these test statistics are compared with chi-squared quantiles to obtain p-values. In
this paper, we compare the generalized Wald and score test statistics to (dq)/(d − q + 1) times
the quantiles of an F distribution with d and d − q + 1 degrees of freedom, where d equals the
number of clusters minus one and q is the number of parameters being tested [14, 15].

Another approach that has been suggested is a bootstrap test of � = �0 [16]. In our imple-
mentation, the generalized score statistic for testing � = �0, as well as the maximum likelihood
estimator (�̂, �̂), is first calculated using the observed data. Then the clustered data are resampled
multiple times by resampling the clusters. For each of these bootstrap data sets, the generalized
score statistic for testing � = �̂ is calculated. The bootstrap p-value is then given by the proportion
of the bootstrap data sets for which the score statistic is larger than or equal to the score statistic
calculated using the original data.

We now describe our proposed simulation-based method for computing p-values. The procedure
is as follows:

(1) Using the observed cluster data, calculate a test statistic that accommodates clustering (e.g.
the generalized score statistic).

(2) Fit the null hypothesis model to the observed data to obtain the regression coefficients.
(3) Estimate the Oman–Zucker intraclass correlation parameter [17] under the null hypothesis

model using the observed data. We use a modification of the estimation procedure proposed
by Oman and Zucker (see the Appendix for details).

(4) Create a large number of data sets (e.g. 999), with each data set containing the same number
of observations, covariate values, and cluster designations as the original data. Generate
the binary outcomes according to the Oman–Zucker method (see the Appendix for details)
so that these binary outcomes have marginal expectations that satisfy the null model with
coefficients equal to the estimated coefficients from (2) and intraclass correlation equal to
the estimated intraclass correlation parameter in (3).

(5) Calculate the test statistic for each of the simulated data sets.
(6) Estimate the p-value as the proportion of simulated test statistics that are greater than or

equal to the test statistic using the observed data.
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Throughout this paper we will base the proposed simulation-based method on the generalized
score test. Note that, for a univariate �, one can also obtain a test-based confidence interval for �
using this approach. Also note that we utilize the Oman–Zucker model for intraclass correlation
rather than a simpler nonlinear mixed-effects model because the latter would not be consistent
with the assumed marginal (cluster-free) logistic regression model; see also the Discussion.

We can modify the proposed simulation-based method to analyze sample survey data with
sample-weighted observations. For applications involving sample surveys, each observation will
typically have a sample weight associated with it. The sample weight estimates the number of
people in the population that the sampled person represents. Weighted logistic regression is used
for estimating the regression coefficients so that the results will be representative of the population.
Standard errors for coefficients and tests of coefficients using generalized Wald and score statistics
are constructed by using appropriate covariance estimators that are based on generalizations of the
methods described above to weighted data [6, 10, 18].

For the proposed method, weights are incorporated as follows:

(1) Calculate a weighted generalized score statistic using the observed data [6].
(2) Fit the null hypothesis model to the unweighted observed data to obtain the estimated

regression coefficients.
(3) Estimate the Oman–Zucker intraclass correlation parameter under the null hypothesis using

the unweighted observed data (see the Appendix for details).
(4) Create a large number of data sets (e.g. 999), with each data set containing the same number

of observations, covariate values, and cluster designations as the original data. Generate
the binary outcomes according to the Oman–Zucker method (see the Appendix for details)
so that these binary outcomes have marginal expectations that satisfy the null model with
coefficients equal to the estimated coefficients from (2) and intraclass correlation equal to
the estimated intraclass correlation parameter in (3).

(5) Calculate the weighted test statistic for each of the simulated data sets.
(6) Estimate the p-value as the proportion of simulated test statistics that are greater than or

equal to the weighted generalized score statistic using the observed data.

The reason why we simulate data sets using unweighted regression coefficients rather than using
weighted regression coefficients is that we want the simulated data sets to appear similar to the
observed data, and not the population from which the observed data were sampled. In particular,
if there are a small number of positive observations in a given category of a variable in the
observed data, we desire there to be a small number of positive observations in that category in
the simulated data sets even if a weighted analysis suggests that the positivity rate is much higher
in the population for that category.

Since the outcomes are being generated in the simulated data sets without using the sample
weights, the sample weights in the simulated data sets are noninformative. That is, the sample
weights are unrelated to the outcome conditional on the covariates in the simulated data sets.
This will typically not be the case in the observed data. However, since the test statistics for
the observed data are calculated using the sample weights, these test statistics accommodate
informative sample weights. In particular, for large sample sizes they will have approximate chi-
squared distributions for the observed data (and simulated data sets) [6]. This ensures the asymptotic
validity of the approach. This is the same argument that was used in the Introduction concerning
the correlation structure of the simulated data sets potentially not being the same as in the observed
data.
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3. SIMULATIONS

3.1. Simulation methods

We evaluate the various methods discussed in Section 2 in the context of logistic regression via
some limited simulations. All simulation results are based on 50 000 repetitions. For the proposed
simulation-based method, 999 data sets were simulated for each repetition. For the bootstrap
method, 999 bootstrap samples were used for each repetition. As a baseline model, we consider
a marginal model with a single continuous covariate (Z) and a categorical variable (X) with C
categories:

log
P(Yi = 1)

1 − P(Yi = 1)
= � + �Zi + �1 Ii1 + �2 Ii2 + · · · + �C−1 Ii,C−1 (1)

Here, the Ii j are indicator variables indicating whether X for observation i is in the j th category;
when Ii1 = Ii2 = · · · = Ii,C−1 = 0, X for observation i is in the C th category. We will usually
consider the null hypothesis of interest to be that the probability of response is independent of
category controlling for Z , that is, �1 = �2 = · · · = �C−1 = 0, but sometimes we will consider
testing � = 0.

The data are generated in k clusters with m observations per cluster. Three intraclass correlation
structures are evaluated when testing the � coefficients: in one, there is no intraclass correlation in
Y , X , or Z ; in a second, there is intraclass correlation in Y but not in X or Z ; and in a third, there
is intraclass correlation in Y and X but not in Z . Two intraclass correlation structures are evaluated
when testing the � coefficient: no intraclass correlation in Y, X , or Z and intraclass correlation in
Y and Z but not in X .

The intraclass correlation in X was generated as follows. For each cluster, C−1 uniform
random numbers were generated and ordered, 0≡ t(0)<t(1)< · · · <t(C−1)<t(C) ≡ 1. Then, for each
observation within that cluster, X was generated to take the value i with probability t(i) − t(i−1).
This implies that P(X j = i | Xk = i)= [2C/(C+1)](1/C) if the X j and Xk are in the same cluster
(rather than 1/C corresponding to an intraclass correlation of 0). The intraclass correlation in Y was
generated using the Oman–Zucker model with � = 0.7. To get an idea of how large this correlation
is, we note that if the P(Yi = 1) were constant, this would be equivalent to a constant intraclass
correlation of 0.49= (0.7)2. In particular, if P(Yi = 1) ≡ 0.01 then P(Yi = 1 | Y j = 1) = 0.495 if
the Yi and Y j are in the same cluster.

The continuous covariate Z was distributed as uniform (0, 1), where for observation j in
cluster i, Zi j =�(Ri j ), �(x) denotes the cumulative normal distribution, and Ri j is a random
variable generated from a standard normal with an intracluster correlation �. In the simulations,
� = 0 or 0.49, which corresponds to an intracluster correlation for Z of 0 and approximately 0.49,
respectively. In all the simulations, � = 0 (� is the coefficient for Z ).

3.2. Computational issues

A Newton–Raphson algorithm is used for calculating the maximum likelihood estimates of the
parameters. Calculating the maximum likelihood estimates of a parameter will be a problem when
it is the parameter associated with a category (of a categorical variable) that has no positive events.
For the generalized score test, this is a problem only if the parameter is considered to be a nuisance
parameter because if it is the parameter of interest, the parameter is set to the null hypothesis
and will not need to be estimated. For the generalized Wald test, this is a problem both when the
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parameter is of interest and when it is considered a nuisance parameter, since it is estimated in
both cases.

If this problem occurs when calculating the generalized score test, individuals with that given
category are removed from the data set and that category is dropped from the model before
calculating the score statistic. Computationally, the same results can be obtained by restricting the
estimated logistic regression coefficient to be larger than some small negative number, e.g. −50.

If this problem occurs when calculating the generalized Wald test the following procedure is
used. A cluster is randomly selected and a subject with a positive event is added to each level of
the covariate. The added observations are given a weight of 0.5 and a Z covariate value of 0.5.

Finally, in the simulations, because we are considering the case of a small event rate, some
replications of the 50 000 data sets have either no positive outcomes or so few positive outcomes
that the Newton–Raphson algorithm convergence criteria are not met. When this occurs these
replications are removed from the simulation (i.e. the total number of simulated data sets will be
less than 50 000). Data sets that are generated to simulate the null distribution of the test statistic
(for both the proposed method and the bootstrap method) can also have no positive outcomes or
no convergence. In these cases, the test statistic is given a value smaller than the observed test
statistic.

At the end of the results section, data are presented on the frequency of data sets with no events
and data sets that do not meet convergence criteria (both for the 50 000 simulated data sets and
for the data sets to calculate the null distribution).

3.3. Simulation results

Table I presents simulated levels for the various tests with C = 4 categories, k = 100 clusters,
m = 20 observations per cluster, and the marginal response probability being 20, 2, and 1 per cent.
For a marginal response probability of 20 per cent, there are an expected 400 events; hence, this
is not a small-event situation. With regard to the classical tests, simulation #1 demonstrates that
intraclass correlation in Y alone is not sufficient for these tests to fail, but intraclass correlation
in X is also required. This is similar to the results for linear regression [19]. Simulations #2
and 3 consider small-event situations. The generalized Wald test has a highly inflated level, and
the bootstrap test has a highly conservative level. The generalized score test sometimes has an
inflated level (simulations #2a and 3a) and sometimes has a conservative level (simulations #2c,
3b, and 3c). The proposed test sometimes has a conservative level (simulations #2c, 3b, and 3c).
(The previous version of our simulation-based test [4], which generated simulated data sets with
zero intraclass correlation, leads to even more conservative results when there are few events, e.g.
the simulated levels for simulations #2c and 3c were 0.019 and 0.005, respectively.) Note that
when the classical score test is appropriate (simulations #1a, 2a, and 3a), the levels of this test are
less affected by the small number of positive events than the generalized score test, verifying the
statement made in the Introduction. On the basis of the simulation results in Table I, we consider
only the generalized score test and our proposed test in the additional simulations.

Table II presents simulated levels under some different situations (the results for simulations
#3a and 3c from Table I are repeated). Simulation #3d is identical to simulation #3c, except that
the intraclass correlation of X is 1. That is, for each cluster, all the observations are in only one of
the four categories. A situation in which this may arise is cluster randomization, in which everyone
in the same cluster receives the same treatment [20]. The simulated levels for this situation for
both tests are very conservative.

Published in 2007 by John Wiley & Sons, Ltd. Statist. Med. (2007)
DOI: 10.1002/sim



TESTING LOGISTIC REGRESSION COEFFICIENTS

Ta
bl
e
I.
Si
m
ul
at
ed

le
ve
ls

(n
om

in
al

le
ve
l
0.
05
)
us
in
g
va
ri
ou
s
te
st
s
of

th
e
nu
ll
hy
po
th
es
is

in
w
hi
ch

th
e
re
sp
on
se

pr
ob
ab
ili
tie
s

[P
(Y

=
1)

]a
re

co
ns
ta
nt

ac
ro
ss

C
=
4
ca
te
go
ri
es

in
m
od
el

(1
)
w
ith

k
=
10
0
cl
us
te
rs

an
d
m

=
20

ob
se
rv
at
io
ns

pe
r
cl
us
te
r.

Si
m
ul
at
ed

le
ve
ls

∗

In
tr
ac
la
ss

co
rr
el
at
io
n

C
la
ss
ic
al

te
st
s

G
en
er
al
iz
ed

te
st
s

Si
m
ul
at
io
n

M
ar
gi
na
l
P

(Y
=
1)

nu
m
be
r

Y
†

X
‡

(p
er

ce
nt
)

L
ik
el
ih
oo

d
ra
tio

W
al
d

Sc
or
e

W
al
d

Sc
or
e

B
oo

ts
tr
ap

Pr
op

os
ed

1a
N
o

N
o

20
0.
05

3
0.
05

2
0.
05

3
0.
05

0
0.
05

2
0.
05

1
0.
05

2
1b

Y
es

N
o

20
0.
05

1
0.
05

0
0.
05

1
0.
06

2
0.
04

9
0.
04

6
0.
05

0
1c

Y
es

Y
es

20
0.
43

1
0.
42

7
0.
43

0
0.
07

3
0.
05

1
0.
04

4
0.
05

1
2a

N
o

N
o

2
0.
05

5
0.
03

3
0.
04

9
0.
03

3
0.
06

3
0.
01

5
0.
05

0
2b

Y
es

N
o

2
0.
05

1
0.
02

87
0.
04

9
0.
23

6
0.
05

2
0.
00

7
0.
05

0
2c

Y
es

Y
es

2
0.
39

1
0.
32

3
0.
38

0
0.
36

4
0.
03

3
0.
00

0
0.
04

0
3a

N
o

N
o

1
0.
04

2
0.
01

53
0.
04

7
0.
02

5
0.
08

0
0.
00

0
0.
05

1
3b

Y
es

N
o

1
0.
03

9
0.
01

45
0.
04

4
0.
30

9
0.
03

5
0.
00

0
0.
02

8
3c

Y
es

Y
es

1
0.
35

7
0.
22

5
0.
31

1
0.
38

6
0.
02

3
0.
00

0
0.
01

9

∗ T
he

st
an
da
rd

er
ro
r
fo
r
a
si
m
ul
at
io
n
w
ith

a
tr
ue

0.
05

le
ve
l
is

0.
00

10
.

† I
nt
ra
cl
as
s
co
rr
el
at
io
n
in

th
e
Y

va
ri
ab
le

is
ze
ro

(‘
no

’)
or

ge
ne
ra
te
d
as

de
sc
ri
be
d
in

th
e
te
xt

w
ith

�
=
0.
7
(‘
ye
s’
).

‡ I
nt
ra
cl
as
s
co
rr
el
at
io
n
in

th
e
X

va
ri
ab
le

is
ze
ro

(‘
no

’)
or

ge
ne
ra
te
d
as

de
sc
ri
be
d
in

th
e
te
xt

(‘
ye
s’
).

Published in 2007 by John Wiley & Sons, Ltd. Statist. Med. (2007)
DOI: 10.1002/sim



S. HUNSBERGER, B. I. GRAUBARD AND E. L. KORN

Ta
bl
e
II
.
Si
m
ul
at
ed

le
ve
ls

(n
om

in
al

le
ve
l
0.
05
)
us
in
g
th
e
ge
ne
ra
liz
ed

sc
or
e
te
st

an
d
th
e
pr
op
os
ed

te
st

of
th
e
nu
ll
hy
po
th
es
is

in
w
hi
ch

th
e

re
sp
on
se

pr
ob
ab
ili
tie
s

[P
(Y

=
1)

]a
re

co
ns
ta
nt

ac
ro
ss

C
ca
te
go
ri
es

in
m
od
el

(1
)
w
ith

k
cl
us
te
rs

an
d
m

ob
se
rv
at
io
ns

pe
r
cl
us
te
r.

Si
m
ul
at
ed

le
ve
ls

∗
In
tr
ac
la
ss

co
rr
el
at
io
n

Si
m
ul
at
io
n

M
ar
gi
na
l

N
um

be
r
of

N
um

be
r
of

N
o.

of
ob

se
rv
at
io
ns

G
en
er
al
iz
ed

Pr
op

os
ed

nu
m
be
r

Y
†

X
‡

P
(Y

=
1)

(p
er

ce
nt
)

ca
te
go

ri
es

(C
)

cl
us
te
rs

(k
)

pe
r
cl
us
te
r

(m
)

sc
or
e
te
st

te
st

3a
N
o

N
o

1
4

10
0

20
0.
08

0
0.
05

1
3c

Y
es

Y
es

1
4

10
0

20
0.
02

3
0.
01

9
3d

Y
es

1§
1

4
10

0
20

0.
01

2
0.
01

0
4a

N
o

N
o

1
4

10
00

2
0.
07

9
0.
05

0
4b

Y
es

Y
es

1
4

10
00

2
0.
07

3
0.
05

3
5a

N
o

N
o

1
10

10
0

20
0.
38

8
0.
01

0
5b

Y
es

Y
es

1
10

10
0

20
0.
00

0
0.
00

5
6a

N
o

N
o

2.
5

10
10

0
20

0.
13

9
0.
05

4
6b

Y
es

Y
es

2.
5

10
10

0
20

0.
01

7
0.
03

8
7a

N
o

N
o

1
Z
(4

)¶
,‖

10
0

20
0.
04

8
0.
05

0
7b

Y
es

N
o

1
Z
(4

)¶
,∗∗

10
0

20
0.
01

5
0.
03

0

∗ T
he

st
an
da
rd

er
ro
r
fo
r
a
si
m
ul
at
io
n
w
ith

a
tr
ue

0.
05

le
ve
l
is

0.
00

10
.

† I
nt
ra
cl
as
s
co
rr
el
at
io
n
in

th
e
Y

va
ri
ab
le

is
ze
ro

(‘
no

’)
or

ge
ne
ra
te
d
as

de
sc
ri
be
d
in

th
e
te
xt

w
ith

�
=
0.
7
(‘
ye
s’
).

‡ I
nt
ra
cl
as
s
co
rr
el
at
io
n
ge
ne
ra
te
d
in

th
e
X

va
ri
ab
le

as
de
sc
ri
be
d
in

th
e
te
xt
.

§
Fo

r
ea
ch

cl
us
te
r,
al
l
of

th
e
ob

se
rv
at
io
ns

ar
e
in

on
ly

on
e
of

th
e
fo
ur

ca
te
go

ri
es
,
i.e
.
th
e
in
tr
ac
la
ss

co
rr
el
at
io
n
fo
r
X

is
1.

¶ T
he

co
nt
in
uo

us
va
ri
ab
le

Z
in

m
od

el
(1
)
is

te
st
ed

ra
th
er

th
an

th
e
ca
te
go

ri
ca
l
va
ri
ab
le

(w
hi
ch

ha
s
fo
ur

ca
te
go

ri
es
).

‖ I
nt
ra
cl
as
s
co
rr
el
at
io
n
ge
ne
ra
te
d
in

th
e
Z

va
ri
ab
le

is
0.

∗∗
In
tr
ac
la
ss

co
rr
el
at
io
n
ge
ne
ra
te
d
in

th
e
Z

va
ri
ab
le

is
ge
ne
ra
te
d
as

de
sc
ri
be
d
in

th
e
te
xt

w
ith

in
tr
ac
la
ss

co
rr
el
at
io
n
of

0.
49

.

Published in 2007 by John Wiley & Sons, Ltd. Statist. Med. (2007)
DOI: 10.1002/sim



TESTING LOGISTIC REGRESSION COEFFICIENTS

Simulations #4a and 4b consider the scenario with 1000 clusters with two observations per
cluster. The generalized score test has an inflated level for this situation. Simulations #5 and 6
consider the situation where C = 10 categories are being tested. For simulations #5 the marginal
response probability remains 1 per cent, whereas for simulations #6 it is 2.5 per cent hence; the
expected number of events per category (five) remains the same as the C = 4 category case. For
these simulations, the level of the generalized score test is highly inflated when there is intraclass
correlation and can be highly conservative when there is intraclass correlation. Our proposed test
has very conservative levels for simulation #5 and a conservative level for simulation #6b. The last
pair of simulations in Table II (no. 7) addresses the situation in which the regression coefficient
of the continuous covariate Z is being tested, controlling for the categorical variable. Both the
generalized score test and the proposed test are conservative when there is intraclass correlation
in Z and Y .

In Tables I and II, all cluster sizes within a simulation are the same. Table III examines the
performance of the test when the cluster sizes are not the same. In each simulation there are
two sizes of clusters. In simulations 8a–e, the cluster sizes vary from being similar, 20 and 15
observations per cluster, to being very different, 20 and 2 observations per cluster. In simulations
8a–e and 10a, the proportion of large and small cluster sizes varies dramatically (10 and 90
per cent), and in simulations 9 and 10b the proportions are approximately 50–50. In the table,
columns 8 and 9 show the results for a 1 per cent event rate and columns 10 and 11 show the
results for a 2 per cent event rate. Simulations with a 2 per cent event rate follow the patterns
we have seen previously, that is, the simulated method approximately maintains the nominal level
or is conservative while the generalized score can have an inflated level. For the 1 per cent event
rate, the proposed method breaks down when there is wide variation in the cluster sizes (8c, 20
and 5, or 8d, 20 and 2 observations per cluster). The inflated level seems to be related to the poor
estimation of � (results not shown).

The results given in Tables I–III suggest that the proposed test is superior to the other tests based
on the maintenance of level. However, one could argue that these simulations are not a good test
of the proposed test since the correlation structure of the simulated data is in the set of correlation
structures assumed by our model. Therefore, to test the robustness of our method to a correlation
misspecification, we repeated simulations #3c, 3d, 4b, 5b, 6b, and 7b (Table II) but with the
intraclass correlation of Y being zero for half of the clusters and as before (�= 0.7) for the other
half. These are simulations #3e, 3f, 4c, 5c, 6c, and 7c, respectively, in Table IV. For simulations
#3e, 3f, and 4c, the results look similar to the situation in which the intraclass correlation was zero
(#3a for #3e and 3f, and #4a for #4c). For simulation #5c, the results of the generalized score
test and the proposed test were similar and less conservative than when the correlation was always
positive (simulation #5b). Both tests are anticonservative for simulation #6c, with the generalized
score test being further from the nominal level. Having seen the simulation #5c results being
conservative, and the #6c results being anticonservative, simulation #11 was performed to ensure
that with the increasing number of events the simulated levels do approach the nominal level. For
simulation #7c, the results look similar to the situation when the intraclass correlation was zero
(simulation #7a). In summary, the results of Tables I–IV suggest that the proposed test is the best
of the tests considered for preserving level, although there is no guarantee that the nominal level
will be preserved.

To examine the power of the proposed test, we compare it with the power of the generalized score
statistic when that test maintains the nominal level. In particular, we consider cases in Table V with
C = 4, m = 20, intraclass correlation in Y , and P(Y = 1) equal to 2 per cent (simulation no. 12) or
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Table V. Simulated powers (for nominal level 0.05 tests) using the generalized score test and the proposed
test of the null hypothesis in which the response probabilities [P(Y = 1)] are constant across C = 4

categories in model (1) with k = 300 clusters and m = 20 observations per cluster.

Simulated powers
Intraclass correlation Marginal

Simulation P(Y = 1) P(Y = 1) for the Generalized Proposed
number Y ∗ X† (per cent) four categories score test test

12a Yes No 2 3.73 per cent, 3@1.42 per cent 0.809 0.831
12b Yes Yes 2 3.73 per cent, 3@1.42 per cent 0.583 0.653
12c Yes Yes 2 4.27 per cent, 3@1.24 per cent 0.806 0.848
13a Yes No 1 2.40 per cent, 3@0.53 per cent 0.791 0.792
13b Yes Yes 1 2.40 per cent, 3@0.53 per cent 0.568 0.646
13c Yes Yes 1 2.80 per cent, 3@0.40 per cent 0.792 0.836

∗Intraclass correlation in the Y variable is zero (‘no’) or generated as described in the text with �= 0.7 (‘yes’).
†Intraclass correlation in the X variable is zero (‘no’) or generated as described in the text (‘yes’).

1 per cent (simulation no. 13). For the alternative hypothesis under which the data are generated,
the marginal probability of one of the cells is set larger than the other three as designated in
Table V. To achieve reasonable powers, the number of clusters k was set to 300 rather than 100
as used in Table I. Going from simulation #12a to 12b (and from 13a to 13b) shows the loss of
power incurred with the addition of intraclass correlation in X when there is intraclass correlation
in Y . On the basis of the limited results in Table V, the power of the proposed test appears to
be at least as good as the power of the generalized score statistic. Simulated levels for the tests
under the associated null hypotheses in Table V are �5 per cent for both tests in all cases, with
the generalized score test being more conservative (results not shown).)

In order to examine the properties of the test when sample weights were used, a limited number
of simulations with noninformative weights were performed. We considered the extreme case of a 1
per cent marginal event rate. In the simulations, the data were generated as previously described.
Weights were generated such that 1

6 of the observations were randomly assigned weights of 5
and the other 5

6 were assigned weights of 1. The noninformative weights made the generalized
score test more conservative as compared with the simulation with no weights. For example, in the
simulation with no weights and no correlation in Y and X (simulation 3a), the level was 0.080. In
an analogous simulation with noninformative weights, the level was 0.066. In a simulation with
no weights and correlation in Y and X (simulation 3c), the level was 0.023. When noninforma-
tive weights were included, the level was 0.006. The proposed simulation method moved closer
to the nominal level, simulation 3a went from 0.051 to 0.050, and simulation 3c went from 0.019
to 0.029.

Computational problems as described in Section 3.2 did not appear to be an issue. In the
‘original’ simulated data sets (‘original’ is used to differentiate data sets that were generated under
specified parameters for the simulation from data sets generated for the null distribution), the
proposed simulated method had very few data sets with no events (maximum of 0.89 per cent, in
simulation 3d). In the original data sets, the maximum number of times there were convergence
problems was 8 out of 50 000 replications.

The data sets generated for the null distribution had more data sets with no events and data sets
with convergence problems, especially when there was intraclass correlation in the outcomes. In

Published in 2007 by John Wiley & Sons, Ltd. Statist. Med. (2007)
DOI: 10.1002/sim



TESTING LOGISTIC REGRESSION COEFFICIENTS

the extreme case of a 1 per cent event rate and intraclass correlation in the Y variable, 66 per cent
of the simulations had at least 1 of the 999 null data sets with either no events or a convergence
problem. Of the null distributions where at least one test statistic could not be calculated, the
median number of times a test statistic could not be calculated was 4. For a 2 per cent event rate,
the percent of null distributions that had at least one test statistic that could not be calculated
decreased to 6 per cent. The bootstrap simulations were similar with regard to data sets with no
events and data sets with convergence problems.

4. AN APPLICATION USING NHANES III

The previously introduced NHANES III survey has a complex multistage sample design. In
particular, at the first stage of sampling, there was a stratified selection of 81 clusters, known as
primary sampling units (PSUs), consisting of counties or sometimes two or more adjacent smaller
counties. Additional stages of sampling involve a second stage of sampling segments consisting of
city or suburban blocks or other contiguous geographic areas from sampled PSUs, a third stage of
sampling households from the sampled segments, and a fourth stage of sampling individuals from
sampled households. Sampled individuals have an associated sample weight, which represents
the number of people in the population that he or she represents. As part of their analyses, Arif
et al. [2] used a logistic regression model for the binary outcome asthma, defined by a positive
answer to both the following questions in NHANES III: ‘Has a doctor ever told you that you had
asthma?’ and ‘Do you still have asthma?’ All people who indicated that they had emphysema were
excluded. There were 742 positive binary outcomes in the data set analyzed. As is typically carried
out with the survey data, the PSUs (the ‘ultimate cluster’) were used as clusters for the variance
estimation. The independent variables are given in Table VI, along with the odds ratios estimated
from the weighted logistic regression. The unweighted Oman–Zucker parameter is estimated to be
�̂ = 0.19. For each variable, the p-value calculated using the generalized score statistic as well as
the proposed method is given. In Table VI, the p-values from our proposed method are at least as
large as from the generalized score statistics, except for smoking status.

Along with testing individual covariates in the logistic regression model, it is also of interest
to test the goodness-of-fit test of the logistic regression model. A test, based on deciles of risk,
can be formulated as testing logistic regression coefficients [21]. This is an important application
for the proposed method since in this context, by design, the lower decile categories will have the
fewest positive events. When there are few positive events overall the lower deciles will have even
fewer events, thus potentially causing problems when testing the logistic regression coefficients
using asymptotic methods.

The test is formulated as follows: the predicted probabilities of an event are divided into 10
categories based on their deciles. Nine dummy variables representing the 10 risk categories are
added to the model in question. The goodness of fit is tested by simultaneously testing that the
corresponding nine regression coefficients are zero.

Table VII presents the goodness-of-fit table for the model given in Table VI. The p-value
associated with the goodness of fit of this model is p= 0.10 using a generalized score statistic.
The last column is the standard error of the difference in the expected and observed probabilities
based on the jackknife estimate of the standard error for complex sample surveys [22]. To apply the
proposed test, we first use the model fit under the null hypothesis (that the nine dummy variables
are zero) to estimate the intraclass correlation parameter �. Second, binary outcome data are
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Table VI. Estimated odds ratios and 95 per cent confidence intervals from multiple logistic regression
analysis of asthma using NHANES III (following Arif et al. [2].

p-value
Adjusted odds

Variable (number of asthma ratio (95 per cent Generalized Proposed
cases/sample size for category) confidence interval)∗ score test test

Intercept= − 4.50
Age category 0.59 0.62

20–29 (134/3738) 1.61 (1.09, 2.40)
30–39 (154/3555) 1.29 (0.91, 1.83)
40–49 (134/2746) 1.56 (1.03, 2.37)
50–59 (97/1974) 1.29 (0.85, 1.95)
>59 (223/6094) 1.00†

Race/ethnicity 0.007 0.018
Non-Hispanic White (341/7708) 1.00†

Non-Hispanic Black (254/4950) 1.06 (0.85, 1.33)
Mexican-American (122/4754) 0.60 (0.44, 0.83)
Other (25/695) 0.82 (0.47, 1.40)

Sex 0.017 0.022
Male (267/8436) 1.00†

Female (475/9671) 1.44 (1.06, 1.97)
Poverty income ratio‡ 0.039 0.052

Below poverty (183/3738) 1.41 (1.04, 1.92)
At or above or missing 1.00†

Poverty (559/14369)
Education 0.002 0.005

<12 years (439/10754) 1.64 (1.25, 2.17)
High school (303/7353) 1.00†

Year house built 0.127 0.154
Before 1946 (194/3969) 1.32 (1.02, 1.70)
After 1946 (467/12221) 1.00†

Missing (81/1917) 0.97 (0.67, 1.41)
Smoking status 0.298 0.296

Nonsmokers (349/9042) 1.00†

Past smokers (188/4460) 1.19 (0.82, 1.70)
Current smokers (205/4605) 1.26 (0.94, 1.71)

Pet ownership 0.0120 0.0124
No (289/5825) 1.00†

Yes (453/12282) 1.35 (1.08, 1.68)
Hay fever <0.001 0.001

No (256/1626) 1.00†

Yes (486/16481) 5.52 (4.26, 7.15)
Body Mass Index 0.012 0.008

<18.5 (18/400) 1.00 (0.44, 2.27)
18.5–24.9 (255/6913) 1.00†

25.0–29.9 (209/6325) 0.90 (0.64, 1.27)
�30 (260/4469) 1.64 (1.19, 2.26)

∗Odds ratios are adjusted for all the other variables in the table.
†Reference category.
‡The poverty income ratio is the ratio of the family income to the poverty threshold. The threshold was based on
the age of the family reference person and the calendar year of the family interview. Poverty threshold values
(in dollars) are produced annually by the U.S. Census Bureau.

Published in 2007 by John Wiley & Sons, Ltd. Statist. Med. (2007)
DOI: 10.1002/sim



TESTING LOGISTIC REGRESSION COEFFICIENTS

Table VII. Deciles-of-risk goodness-of-fit table for logistic regression model given in Table VI;
goodness-of-fit p-value = 0.18 using the proposed method.

Estimated proportion Weighted observed Weighted mean Standard
of population proportion of predicted error of

Sample Number in category of Asthma probabilities Difference difference
Decile size of events (per cent) (per cent) (per cent) (per cent) (per cent)∗

1 2504 34 10.0 1.07 1.36 −0.29 0.27
2 2162 56 10.1 2.21 1.81 0.41 0.39
3 1627 31 9.9 2.65 2.13 0.52 0.89
4 1723 46 10.0 2.05 2.46 −0.41 0.47
5 1671 39 10.0 2.65 2.79 −0.14 0.55
6 1729 44 10.0 2.27 3.22 −0.95 0.52
7 1806 66 10.0 4.82 3.78 1.04 0.73
8 1774 89 10.1 5.24 4.70 0.54 0.76
9 1755 105 9.9 5.48 7.03 −1.55 0.78

10 1356 232 10.0 17.01 16.20 0.81 0.32

∗Based on jackknifed standard error estimation.

Table VIII. p-value for ‘hay fever’ variable and goodness-of-fit test from analysis in Table VI performed
on ten subsets of the data set obtained by a random partition of the original data set.

p-value for hay fever variable p-value for goodness-of-fit
Random subset
number Generalized score test Proposed test Generalized score test Proposed test

1 <0.001 0.006 0.273 0.367
2 <0.001 0.022 0.194 0.407
3 0.003 0.016 0.326 0.476
4 0.019 0.045 0.040 0.148
5 <0.001 0.009 0.328 0.500
6 0.006 0.039 0.165 0.381
7 <0.001 0.004 0.011 0.038
8 0.040 0.084 0.087 0.192
9 0.001 0.018 0.614 0.812

10 0.001 0.006 0.999 1.000
Original data set 0.004 0.009 0.101 0.183

simulated using the fixed set of covariate values in Table VI (excluding the nine dummy variables)
as well as sample weights and PSU designations. Intraclass correlation in the binary variable
is generated using the estimated �. The generalized score statistic for testing the nine dummy
variables, calculated using the simulated data sets, are then used as the reference distribution for
the generalized score statistic calculated using the original data set. Note that the dummy variables
are not recalculated for each simulated data set (which we calculated using the predicted values
for that simulated data set), although that is a possibility. The p-value calculated for goodness of
fit using the proposed method is p= 0.18. As with other goodness-of-fit tests, (1) a rejection of
the null hypothesis should be followed with a careful examination of the pattern of observed and
expected events (like Table VII) to see if there is a substantive misfit and (2) nonrejection of the
null hypothesis may be due to the lack of power of such omnibus tests.
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To examine the relationship of the score and proposed p-values further, we split the original
data set randomly into 10 subsets and fit the same logistic regression model to each subset.
Table VIII presents the p-values for subsets for hay fever variable (which was the most significant
variable in Table VI) and the goodness-of-fit p-values. Again, the score statistic gives smaller p-
values than the proposed method. The smaller p-values for the proposed method in the 10 subsets
of data are consistent with the simulation results of Section 3, which show that the generalized
score statistic can be anticonservative.

5. DISCUSSION

We have assumed that the parameters in the logistic regression model (1) are the parameters of
interest. With respect to the clustering, this is considered a marginal approach since the clustering
does not appear in the model (for the mean response). For some applications, the clusters are an
intrinsic part of the model, and it is desired to know whether the outcome is associated with the
independent variables controlling for cluster. The intercept in model (1) would then be indexed by
the cluster. Conditional logistic regression can be used for analyzing data where the effect of the
cluster is modeled. In the conditional logistic regression model, one conditions on the number of
positive outcomes in each cluster. One can perform asymptotic tests on the parameters of interest
or use an ‘exact’ conditional logistic regression approach, which makes no asymptotic assumptions
[23]. We suspect that the small-sample behavior of test statistics for conditional logistic regression,
conditioning on the clusters, may be better than for unconditional logistic regression because the
conditioning would remove the effects of clustering and speed up the asymptotics to be closer to
those of simple random samples.

Another possibility for analyzing data where the cluster is of interest, models the intercepts
(clusters) with a random effect. The effect of few positive outcomes on this type of modeling
would need investigation. It is important to note that the marginal and cluster-specific models are
not interchangeable; they may yield different conclusions and the choice of model should be made
on substantive grounds [24–26].

With the marginal model that is the focus of this paper, we have found that although the
generalized score statistic performs better than the generalized Wald statistic, its actual significance
level can be higher than its nominal level when there are few positive outcomes. Without clustering,
it is sometimes possible to perform an ‘exact’ unconditional logistic regression analysis [27].
However, based on results for estimating a simple proportion [28, 29] such exact methods will not
be useful in marginal logistic regression applications with clustering.

The proposed simulation approach to testing suggested in this paper is to simulate the observed
data under a reasonable model that involves generating correlated data according to the Oman–
Zucker method and use a test statistic that would work well with large samples regardless of the
model. We chose to use the Oman–Zucker model because it is one of the few models that permit
correlated binary data within clusters whose probabilities can vary by individual while maintaining
the population expectation to follow a specified marginal model, e.g. a logistic regression model.
There are other available models for generating correlated data with these properties [30–33], but
they can be more computationally intensive.

We present a modification of the simulation-based approach that is applicable to data with
sample weights such as sample survey data. Even though the simulation approach with sample
weights generates outcomes in the simulated data sets without using the sample weights (treating
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the weights as noninformative), it produces test statistics that have correct large sample properties
for informative sample weighting. However, our approach of generating data with noninformative
weights for the null distribution may result in small sample bias when the weights are informative
in the original data. Our results show that the simulation approach performed well for unweighted
data and noninformative weighted data for the logistic regression model, but further research would
be useful for extending our simulations to informative weighted data.

APPENDIX

We use a modification of the approach of Oman and Zucker [17] to estimate their intraclass
correlation model parameter �. First, for all distinct pairs of observations within clusters, the
pairwise-squared difference Wi jk = (Yi j − Yik)2 is calculated for all clusters i , and individuals
j �= k in cluster i . Let �is be the probability that Yis = 1, and let �̂is be the estimator of this
probability from the fit of the null hypothesis model. (Oman and Zucker [17] are only considering
a single model so that there is no null hypothesis model in their formulation.) Using only those
pairs of observations such that the predicted �i j��ik , Oman and Zucker [17] note that

E(Wi jk) = fi jk + hi jk�
2

where

fi jk = �i j (1 − �ik) + �ik(1 − �i j )

and

hi jk = 2�i j (�ik − 1)

Thus, a linear regression can be used for estimating �2 if we substitute �̂is for �is in the expressions
for fi jk and hi jk , and � can be estimated by the square root of the estimated �2. Oman and Zucker
[17] suggest using a weighted linear regression with the weight for observation Wi jk being the
inverse of fi jk(1 − fi jk). (Note that this weighting is not related to the sample weights of survey
data.) In this paper, we use an unweighted linear regression.

Table AI shows that in our context of small event rates the unweighted linear regression leads
to a more accurate estimator of � than the weighted regression. This is likely due to the variability
in the predicted probabilities. Table AI includes simulations with event response rates of 1, 2, and
20 per cent. Data are generated according to model (1) with � the coefficient for the continuous
covariate set at 1, 2.59, and 3.5 and the true value of � = 0.7. For event rates of 1 and 2 per cent
the median of the unweighted estimator is much closer to 0.7 and the 10th and 90th percentiles
show increased variability with the weighted estimator. With a 20 per cent event rate there is little
difference in the difference between the performance of the weighted estimates and the unweighted
estimator.

We applied the method described in Oman and Zucker [17] to generate binary outcomes that are
correlated within clusters of observations. For each cluster i , generate e0i and for each observation
j in cluster i generate ei j , where e0i and ei j are independent random variates from a standard
normal distribution. Generate Ui j according to a Bernoulli distribution with parameter � and let
�i j =�−1(�̂i j ) for each observation j in cluster i , and �̂i j is the estimated probability of a positive
outcome based on the set of covariates and estimated regression coefficients. Generate the binary
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outcomes as Yi j = 1 if (Ui j e0i +(1−Ui j )ei j )��i j and Yi j = 0 otherwise. This method for generating
the binary outcomes Yi j preserves its marginal distribution, i.e. E(Yi j ) = �i j .
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