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Abstract Benford’s phenomenological law gives
the expected frequencies of the first significant digits
of any given series of numbers. According to this law,
the frequency of 1 is higher than that of 2; this in turn
appears more often 3, and so on. Similarly, Benford’s
law can also be applied to the first two significant
digits (i.e., from 10 to 99), and so on. Here, we show
that gross data sets of daily pollen counts from three
aerobiological stations (located in European cities
with different features regarding vegetation and
climatology) fit Benford’s law for the first significant
digits, but this is not always true for the data
transformed by a correction factor used in aerobio-
logical studies. That is to say, the biases introduced
by rounding and lower and upper built-in limits in
pollen counts are detected by Benford’s law analysis.
The analysis of the first two significant digits from
transformed data is better explained by a Power law
than Benford’s law. We propose that Benford’s law
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could be used as a quality control tool for numerical
aerobiological data sets.
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1 Introduction

Because aerobiological studies are based on large
series of numerical data, there is great concern about
the quality of original data. To address these
concerns, several slide sampling methods (Comtois
et al. 1999; Sterling et al. 1999; Carifanos et al.
2000), counts from colocated traps (Irdi et al. 2002),
different adhesives for pollen sampling (Alcazar and
Comtois 1999; Alcazar et al. 2003), and sampling
methods (Pyrri and Kapsanaki-Gotsi 2007) have been
compared. However, the human factor (pollen and
spore identification, and counting procedures), with
its nonquantifiable errors, can affect the final quality
of aerobiological data.

A characteristic that usually is apparent in large
sets of data is that the distribution of leading digits fit
to a Power law. Between the sorts of scaling-laws it is
emphasized Benford’s law (Benford 1938), a phe-
nomenological law also called the first digit law,
leading digit phenomenon or law of anomalous
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numbers. According to this law, the frequency (F) of
the first significant digit (i.e., the leftmost nonzero
digit, d) are not equidistributed (i.e., 11.1% for all the
significant digits) just as might be expected but they
can be computed as:

Fy=1log,,(1+1/d), de{l,...,9}. (1)

Consequently, the observed frequency of the
figures with 1 as first digit is higher than that whose
first digit is 2 (30.1 and 17.6%, respectively) and so
on until the figures with 9 as the leading digit with a
frequency of 4.6%. This formula can also be used to
compute the frequency for the first two significant
digits (d,d,), and so on.

Fdldz = 10g10(1 + (l/d]dz)), did> € {107 .. ,99}

(2)

Many series of numbers that follow this law are
found in fields such as atomic physics (Pain 2008),
biology (Costas et al. 2008), hydrogeology (Nigrini
and Miller 2007) and the stock market (Ley 1996).
Moreover, several applications of Benford’s law have
been proposed, including detecting fraud in account-
ing (Nigrini 1994, 1996, 2005) and political election
processes (Mebane 2006). Despite the many exam-
ples given by Benford (1938) and previously New-
comb (1881) no mathematically rigorous study was
presented until that of Hill (1995a). In general, data
sets governed by a multiplicative process obey
Benford’s law. Moreover, a property of this law is
its scale-invariance, i.e., if we multiply all the
observations by a nonzero constant the new data
set also follows Benford’s law (Pinkham 1961).
Another aspect to take into account is that random
samples from different distributions also conform to

Benford’s law (Hill 1995b), even when distributions
separately do not (Gent and Walsh 2001).

The aim of this work was to analyse the frequency
distribution of the first and first two significant digits
of data sets of atmospheric pollen concentrations
from different European cities. We checked whether
the distributions of aerobiological data obeyed Ben-
ford’s law, and we discuss the possible implications
that this study could have on quality control of data
sets.

2 Materials and methods

The total daily pollen count data of three aerobio-
logical stations were used in this analysis. The
samples were obtained by using a Hirst type
volumetric trap (Hirst 1952) and the counts were
expressed as daily mean of the no. of pollen grains
m >, following the methodology proposed by the
Spanish aerobiology network (REA; Dominguez-
Vilches et al. 1991; Galan et al. 2007). For this
purpose, the raw count data are multiplied by a
correction factor ranging from 0.486 to 0.54, depend-
ing on the field of the microscope used in the
counting. Sampling stations were located in different
geographic and bioclimatic areas, two located in
Spain (Malaga and Ourense) and the third in
Germany (Miinster). The airborne pollen spectrum
as well as the seasonal behavior and other aerobio-
logical parameters are described in detail in Recio
et al. (1998), Aira et al. (2005), Trigo et al. (2006)
and Rodriguez-Rajo et al. (2007), but main charac-
teristics of the sampling stations and the origin of the
data are showed in Table 1.

Table 1 Sampling location and description of the aerobiological data used in the analyses

Sampling station Data set Period of No. of data for No. of data for Range of the series
sampling FSD FTSD (grains m—)
Mailaga (36°43'N, 004°25'W)  Daily mean values  1992-2007 - 4,230 10-4,054
Daily mean values 1992-1999 2918 - 1-4,054
Daily counts 1992-1999 2918 - 1-7,544
Orense (42°20'N, 007°51'W) Daily mean values 1993-2007 5,055 3,162 1-1,558
Miinster (52°57'N, 007°37'E) Daily mean values  2002-2004 894 - 1-3,514
Daily counts 2002-2004 894 - 1-7,231

FSD first significant digit, FTSD first two significant digits
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We first studied the fit of the pollen data set to the
frequencies described by Benford’s law (Egs. 1, 2).
When statistically significant differences between
actual and expected data were found, other analyses
were carried out comparing the data set to the
expected frequencies according to a Power law. In
this case, the expected frequencies of the first two
digits did, were given by the Power law when
m # 0:

Faa, = (did2/10) (1 — ((didz + 1) /d1d2) ™)/
(1-10™); dids € {10,...,99}. (3)

Nigrini and Miller (2007) demonstrated that Ben-
ford’s law for the first two significant digits (see
Eq. 2) is a particular case of the Power law from
Eq. 3 in which m = 0. Two different methodologies
were used to calculate the value of m: by means of an
interactive process that minimizes the y> test statistic
and, alternatively, following the method proposed by
Newman (2005) and Clauset et al. (2007) using:

N -1

m+1=1+N Zln(xi/xmin) 4)
i=1

where x;, with i = 1,..., N, are the observed values of
x, and X, is the minimum value of x.

The goodness of fit of the data to the values
predicted by the different models employed was
checked by »* and Kolmogorov—Smirnov tests.
Moreover, the mean absolute deviation (MAD)
defined by Drake and Nigrini (2000) was also
calculated.

3 Results
3.1 Analysis of first significant digit frequency

The lower the first significant digit of pollen counts in
the three sampling stations, the higher is its fre-
quency. The frequency of the first significant digit
conforms to Benford’s law in the case of pollen from
Ourense (3> = 15.597, df =8, o = 0.01) but not
from Malaga and Miinster (;(2 = 35.561, and 22.011,
respectively, df = 8, a < 0.005 in both cases; Fig. 1).
However, if the original counts are used (i.e., without
applying any correction factor, instead the trans-
formed values of the no. of pollen grains m™ being
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Fig. 1 Observed frequency of the first significant digits of the
daily mean pollen grain concentrations recorded in Ourense,
Miinster and Malaga, and expected frequency according to
Benford’s law. The values of y*-test (df = 8) for the goodness
of fit of the data to the values predicted by Benford’s law are
shown
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Fig. 2 Observed frequency of the first significant digits of the
original daily pollen counts (i.e., raw data to which no
correction factor was applied) in Miinster and Malaga, and
expected frequency of Benford’s law. The values of the y*-test
(df = 8) for the goodness of fit of the data to the values
predicted by Benford’s law are shown

computed as raw values multiplied by the correction
factor), both Malaga and Miinster data set patterns
obey Benford’s law (3> = 21.576 and 9.958, df = 8
in both cases, « = 0.005 and 0.1, respectively;
Fig. 2).

3.2 Analysis of first two significant digits
frequency

In this case, Malaga and Ourense data sets were used
because the number of observations from Miinster
was too small (see Table 1). The first two significant
digits from both sampling stations did not conform to
Benford’s law (Fig. 3). However, a similar tendency
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could be observed at both sampling stations: the
frequency of the first digits is higher than that of the
following ones.

To better understand this phenomenon, further
analyses were carried out. Firstly, the internal struc-
tures of the data sets were studied. For this, the
logarithms of the pollen concentration and the
ranking of frequencies were plotted (Fig. 4), showing
similar patterns in both cases. The graphs show a
sigmoid line with three different slopes that indicate
that the data are described by three successive
geometric series (when a data set conforms to
Benford’s law, it usually presents a nearly geometric
pattern). The three slopes could not always be
detected because of the inferior limit; since the
minimum concentration value included was 1 grain
m_3, for which the logarithm is zero, no negative
values exist. The horizontal steps show that there are
equal concentration values, so lines with a slope of
zero can be observed (for details see Nigrini and
Miller 2007).

We also constructed a plot of the pollen concen-
tration frequencies and their rankings on a logarith-
mic scale (cumulative distribution function). A
negative slope with a noisy increase on the left side
as the frequencies decrease can be seen (Fig. 5). This
is a sign that the data distribution follows a Power
law (see Newman 2005). Figure 6 presents additional

support; the plot shows the pollen concentrations and
their frequencies on a logarithmic scale. The line with
a negative slope and the noisy results on the right side
are characteristic of data that conform to a Power law
(see Newman 2005). This is based on the fact that a
great number of measurements of naturally occurring
phenomena are distributed logarithmically, and thus
the logarithm of these data usually tends to be
uniformly distributed.

In addition, the ordered values of the mantissas
were analyzed. If the data set fits the frequencies
described by Benford’s law, then it will fit to a
straight line representing a uniform distribution over
the [0,1] interval with the equation:

Yi = —(1/N) + (1/N)Rank, i€ {1,2,... N}
(5)

where N is the number of data and the Rank is used in
decreasing order.

However, in this case we could see that mantissas
are not equidistributed, instead fitting a curve
described by a cubic equation. The steps shown are
due to the high index of repeated numbers that
therefore have the same mantissa (Fig. 7).

Finally, the observed data were represented
together with the Power law distribution obtained
by the methodology described earlier. In both cases
(Ourense and Madlaga), a fit to a Power law

Fig. 3 The frequency of Power law Benford’s law
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Fig. 4 Ordered values of logarithms of the pollen concentration data sets recorded in Ourense and Malaga. A fitted regression line
and the equation obtained are also shown

Fig. 5 Ordered values of
the pollen concentration
frequencies in Ourense and
Malaga on a logarithmic
scale

Fig. 6 Daily mean pollen
concentrations in Ourense
and Malaga and their
frequencies on a
logarithmic scale
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Fig. 7 Ordered values of the mantissas of the pollen concentrations in Ourense and Malaga. A fitted straight line following a
uniform distribution and the /ine of a cubic equation fitted to the mantissas values are also plotted

4 Discussion

These analyses show that sometimes aerobiological
data follow a Benford’s law for the first significant
digit, and although a tendency for the higher
frequencies of the first digits compared to later ones
is always apparent, data do not conform to this law in
all cases. Whereas the original counts follow a
Benford’s distribution, the concentrations expressed
as no. of pollen grains m~> do not.

Data sets that follow this law are scale-invariant
(Pinkham 1961), so if we multiply all the observed
values by a nonzero constant, these data sets will
continue conforming to Benford’s law. However, in
two of the three sampling stations studied this did not
happen because we used a constant multiplicative
factor and the first digit frequencies changed. A
rounding phenomenon could be a possible cause of
this result. Due to the indivisible nature of pollen
grains, decimal digits are not used to express
concentrations, so values are rounded up or down.
In this way, in Malaga counts 0.54 would be
computable as first digit 1 instead 5, 1.62 would
change from 1 to 2 and so on. However, another
influential factor seems to be the limit of the data set.
A requirement for data that follow Benford’s law is

@ Springer

the lack of upper or lower built-in limits (Drake and
Nigrini 2000). The series of data included in this
work have an upper limit (4,054 pollen grains m ™)
and a lower limit (1 pollen grain m_3; see Table 1)
because each is a series of integer and positive
numbers and they are restricted to an artificially
bounded space (1 m® of air). In the case of original
counts, this data set presents a better fit to Benford’s
distribution although a built-in limit also exists. This
might be caused by the less restricted volume of air
(14.4 m® for the daily total), which permits higher
values.

However, we observed a tendency of the frequen-
cies of the first digits to increase and the frequencies
of the later ones to decrease. If we construct a graph
with a series of correlative numbers (i.e. n = 999), it
shows an equidistribution of the frequencies for the
first and first two digits. But if we multiply this series
by a constant (0.54, for instance), the frequency of the
first digits (up to 4 and 54, respectively) is higher than
that where no factor was used, sharply decreasing in
the consecutive digits (Fig. 8). In this way it is
probable that something similar may happen with
pollen data since the first two significant digits have a
higher frequency than the one predicted by Benford’s
law and the later ones a lower frequency. This pattern
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Fig. 8 First digit and first two digit frequencies of a data set of ordered numbers over the [1-999] interval (left). The same data set
after multiplying the number series by a constant (0.54), and the values after rounding them up (right)

is in accordance with a Power law. The exponent
value varied depending on the station and the method
used to calculate it. In this case we think the value
obtained by means of an interactive process that
minimizes the XZ test statistic is more reliable, owing
to the difficulty in establishing x,,;, in the Newman
equation (Newman 2005). The Ourense data distri-
bution model had a lower exponent m than the
Maélaga data set (0.310 against 0.496), which is a sign
of the closer fit to Benford’s law, whose exponent m
value is O (Nigrini and Miller 2007).

Although further study of this phenomenon is
necessary, there is clear evidence that frequencies of
the first significant digits from aerobiological data
obey Benford’s law or, failing that, another Power
law, being independent of the geographic origin. It
has been recently reported that aerobiological data do
not conform to a normal distribution, fitting much
better the patterns described for other sorts of data
distributions, such as lognormal and exponential

distributions (Limpert et al. 2008). It is another
indication of the probable behavior of the leading
digit frequencies in aerobiological data, since these
types of distributions (lognormal and exponential
distributions) conform to Benford’s law to a high
degree (Lolbert 2008).

Moreover, similar analyses to those carried out in
our study have also been applied to the study of large
data sets corresponding to pollutant concentrations in
ambient air. Brown (2005, 2007) has used Benford’s
law and Zipf’s law (Power law) in the screening of
analytical data finding advantages in the last one over
Benford’s law, specially when data sets are small or
have few orders of magnitude as it occurs in our case.

Finally, these distributional properties could be
used as quality control tools for detecting anomalies
in aerobiological data sets, such as rounding and error
counts or transcription errors during data processing,
the first digit analysis giving general information and
the first two digits providing a more detailed analysis
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that would otherwise be overlooked (Nigrini and
Miller 2007).
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